The amount of available rhodopsin on the photoreceptor outer segment and its change over time is not considered in classic models of phototransduction. Thus, those models do not take into account the absorptance variation of the outer segment under different brightness conditions. The relationship between the light absorbed by a medium and its absorptance is well described by the Beer-Lambert law. This newly proposed model implements the absorptance variation phenomenon in a set of equations that admit photons per second as input and results in active rhodopsins per second as output. This study compares the classic model of phototransduction developed by Forti et al. (1989) to this new model by using different light stimuli to measure active rhodopsin and photocurrent. The results show a linear relationship between light stimulus and active rhodopsin in the Forti model and an exponential saturation in the new model. Further, photocurrent values have shown that the new model behaves equivalently to the experimental and theoretical data as published by Forti in dark-adapted rods, but fits significantly better under light-adapted conditions. The new model successfully introduced a physics optical law to the standard model of phototransduction adding a new processing layer that had not been mathematically implemented before. In addition, it describes the physiological concept of saturation and delivers outputs in concordance to input magnitudes.
Introduction
Vertebrate phototransduction is a process that takes place in the outer segment (OS) of the retina photoreceptors and consists of transforming light stimuli into electrical signals. The molecular events involved in this transformation constitute one of the biochemical sequences better understood in neuroscience. Forti, Menini, Rispoli, and Torre (1989) were the first to develop in detail an empirical model capable of simulating the phototransduction process for rod photoreceptors of the newt triturus cristatus. The Forti Mathematical Model (FMM) was enriched by various research teams obtaining highly accurate and detailed mathematical models (Dell'Orco, Schmidt, Mariani, & Fanelli, 2009; Hamer, 2000; Hamer, Nicholas, Tranchina, Lamb, & Jarvinen, 2005; Invergo, Dell'Orco, Montanucci, Koch, & Bertranpetit, 2014; Korenbrot, 2012; Lamb et al., 1992; Shen et al., 2010) . The protein rhodopsin (R), localized in the OS of the photoreceptor, contains a chromophore called 11-cis-retinal. When this molecule absorbs energy from a photon, it changes its conformational structure and enters the all-trans-retinal state through a process called photoisomerization activating the rhodopsin molecule (R Ã ) (Farrens et al., 2010) . In turn, active rhodopsins activate other molecules (transducins), generating a cascade effect which ends in current modulation (photocurrent) that flows through channels placed in the OS plasma membrane (Burns et al., 2001 ). The photoactivated rhodopsin is rapidly inactivated by successive phosphorylations and the binding to the soluble protein Arrestin. In this inactive state, the bleached rhodopsin (B) cannot activate transducin and it cannot be re-activated until it has completed a regenerative cycle. This cycle, known as the visual cycle, involves the reconfiguration of the bleached pigment all-trans-retinal to 11-cis-retinal in the retinal pigmented epithelium and its recombination with the opsin protein in the photoreceptor to generate a new activatable rhodopsin Fain, Matthews, & Cornwall, 1996; Fain, Matthews, Cornwall, & Koutalos, 2001; Nymark, Frederiksen, Woodruff, Cornwall, & Fain, 2012) . This inactive period reduces the concentration of rhodopsin which can be activated in the OS, causing a decrease in the photoreceptor absorbtance and thus, a reduction in its sensitivity. Since FMM, all phototransduction models have shared a common characteristic: the input stimulus in the equations is not light, but isomerizations of rhodopsin per second (Hamer et al., 2005; Invergo et al., 2014; Korenbrot, 2012) . This precomputed stimulus omits the description of the rhodopsin photoisomerization through light absorption and ignores the fluctuations in the total number of rhodopsin in the OS, leading to an equation that responds linearly to different input stimuli (Torre, Forti, Menini, & Campani, 1990) .
The Beer-Lambert law relates the absorption of light to the properties of the material through which the light travels. In this sense, the Beer-Lambert law can accurately determine the absorptance of the photoreceptor OS, which is the proportion of light absorbed by rhodopsin molecules (Warrant et al., 1998) .
On the basis of these backgrounds, the objective of this work is to develop a mathematical model based on the biophysical processes involved in phototransduction that reflects the variation of photoreceptor absorptance under different lighting conditions. This new model (NM) also includes a scheme of rhodopsin bleaching and regeneration validated by van Hateren et al. (2007) . The NM enables the extension of the operating range to handle light intensities of medium and high brightness levels, in which the empirical FMM does not respond properly. Also, the modular design of the NM enables it to be used in cone or rod photoreceptors of any species of vertebrates.
Theoretical section
This section briefly reviews the FMM and analyzes the implementation of the Beer-Lambert law and the Van Hateren visual cycle equation.
The model of Forti
Forti et al. described the phototransduction process from photoisomerizations per second (J hm ðtÞ) to photocurrent (J), based on a sequence of events described by the following differential equations: tion in the OS, while C b is Ca þþ buffer concentration; g is GMPc concentration and J is the current flowing through the Na þ GMPc-dependent channel, called photocurrent. The constants used in this work are those described by Forti and later adjusted by Kamiyama, Ogura, and Usui (1996) . The experimental data are taken from Forti's work (Forti et al., 1989) .
Construction of a new mathematical model
The Beer-Lambert law describes the relationship between the light that is absorbed in a given material medium and the characteristics of the medium as light passes through it. The proportion of light absorbed by the material medium as light passes through it, is called absorptance (A) and is defined by the Beer-Lambert law as a function of the molar extinction coefficient (a), the concentration of absorbing substance (c) and the distance the light must travel (l), as per the following expression.
In the photoreceptor, the absorbing substance concentration (c) is determined by the number of activatable rhodopsin molecules (R) contained in the volume of the photoreceptor OS, established by the transversal section area (a) and the length of the OS (l). The concentration is defined, as follows:
Through Eq. (9), the absorptance of the photoreceptor OS can be calculated, thus allowing the proportion of light absorbed by R molecules contained in the photoreceptor to be determined (Warrant et al., 1998) . The quantum efficiency of 11 cis-retinal is the percentage of photons that will produce an effective photoisomerization when reaching the 11-cis-retinal molecule. Eq. (11) shows the relationship between axial incident photons in the photoreceptor OS per unit of time (I), absorptance and quantum efficiency (/), whose product determines active state rhodopsin production (R Ã ). The same equation further expresses R Ã decay towards an inactive state determined by constant s R , which defines
The bleaching and regeneration cycle consists of a mechanism whereby rhodopsin molecules in a non-activatable state (B) are regenerated in order to enter an activatable state (R). These molecules are recruited to the OS to become part of the activatable rhodopsin concentration Mahroo et al., 2004) . The mechanism may be expressed as follows:
The first term is associated with R Ã decay, while the second term describes the pigment regeneration from an inactive state in a variable s B time that mainly depends on the semisaturation constant K B (van Hateren et al., 2007) . New differential equations (Eqs. (11) and (12)) are used to replace Forti empirical equations (Eqs. (1) and (2)) and are also integrated into the remaining chain of equations described by Forti with a single change in Eq. (3) where the activation of 150 transducins per second for every activated rhodopsin was added (Leskov et al., 2000) . Parameters used in Eqs. (11) and (12) are described in Table 1 . In order to convert the experimental and theoretical stimuli used by Forti from photoisomerizations per second to photons per second, we used the inverse of the original equation described by Cobbs et al. (1987) The computations for this article were performed using Matlab software. The system can be described as a series of coupled ordinary differential equations, which can be solved using a standard ODE solver. The Matlab code that implements this scheme is available in the url: http://dx.doi.org/10.5281/zenodo.45365.
Results

Rhodopsin kinetics across the full spectrum of light stimuli
The response of FMM Eqs. (1) and (2) are compared ( Fig. 1A ) with Eqs. (11) and (12) of the NM (Fig. 1B ) under brightness conditions covering the whole day-night light spectrum to which vertebrate photoreceptors are exposed. Both figures show the variations in R concentration, measured in the area under the curve (AUC) according to the intensity and duration of the stimuli. FMM responds linearly and maintains its response throughout all stimuli, since the model considers an infinite amount of activatable rhodopsin (R), while the NM responds linearly to low bright stimuli and its response begins to saturate at stimuli over 1000 Lux. Fig. 1 C, D and E show both models response at increasingly high flash intensities, i.e. (100, 1.000, 2.000 and 5.000 LUX) and 500, 5000 and 50000 ms long. In figure C, it may be observed how FMM causes abrupt changes in the response, while the NM adjusts smoothly to changes in stimuli. Figure E highlights the different responses during prolonged pulses of light.
Comparison between the experimental and theoretical results obtained by Forti, with those obtained when implementing the new model
With the new model, photocurrent was obtained by relating Eqs. (11) and (12) to the remaining equations described by Forti (Eqs. (3)- (8)). This response was compared to both the experimen- Used values: U = 0.67 (Dartnall, 1968; Holcman et al., 2005) (1) and (2) of FMM (A) and of Eqs. (11) and (12) of the NM (B) to an exponential increase in the intensity and duration of input stimuli. Models based on a rod photoreceptor adapted to darkness. Graphic A shows a linear relation between the stimuli and the response, while graphic B presents a saturation response. Graphics C, D and E represent the curves obtained with stimuli of increasing intensity and duration of 500, 5000 and 50000 ms, respectively.
tal and theoretical currents obtained by Forti. The first column in Fig. 2 (A, D, G, J) replicates the graphs published by Forti and shows the photocurrents obtained by recording the Triturus cristatus rod OS. The second column shows the graphs obtained using FMM (B, E, H, K) and the third column (C, F, I, L) includes the graphs obtained running the NM. Each of these columns shows four different stimuli conditions ( Table 2 ). The stimuli used in the NM column are the same as used by Forti in Triturus cristatus rods experimental data but expressed in photons/s. However, in FMM column, the four intensity inputs differ from their experimental stimuli.
The first experimental series results from a succession of 10 mslong pulses of increasing intensity in a dark adapted photoreceptor (A, B, C). Except for the baseline current which is lower in both theoretical models, the three wave patterns are similar. The last 3 light pulses in the experimental graph (A) were not schematized in the theoretical models. Graphs D, E and F show the same light pulse in a photoreceptor adapted to a background light of 1300 isomerizations per second (9220 photons/s). In this case, a faster recovery time after the stimulus is observed as well as a better adjustment to the experimental results with the NM. The experimental series G, H and I provided records using a 60-s-long light stimulus of (C, F, I , L). The first column represents a family of superimposed responses to light pulses of increasing intensity in a rod photoreceptor adapted to darkness (A and G) and adapted to a background light intensity equivalent to 1300 and 1050 isomerizations/s (D and J, respectively). In turn, graphs A and D respond to 10-ms pulses, while G and J respond to 60-s pulses, respectively. The theoretical graphs maintain the conditions of their experimental counterparts. Unlike FMM, the intensity of the stimuli used in the NM is equivalent to the experimental stimuli used by Forti (Table 2 ). In general, the two theoretical models are similar to the experimental curves. Particularly, graphs C and F show a post-stimulus recovery speed consistent with the experimental data. In addition, graph L shows a baseline that is similar to the experimental one. The recovery of current to baseline in graphs I and L is discussed in the section below. First column graphs are copied from Torre et al. (1990) . Copyright to Cold Spring Harbor Laboratory Press.
increasing intensity. As in B and C, the two theoretical curves started from a higher baseline current than the experimental group. The last experimental series (J, K, L) also used a 60-s stimulus pulse but in a retina adapted to background light of 1050 isomerizations per second (7447 photons/s). In this case, only the NM adjusts satisfactorily to the experimental baseline current. Differences in the photocurrent recovery speed are discussed below.
The recovery phase of the visual photoresponse
In Eq. (1), the term a 2 B is used to adjust the recovery of current to baseline after long stimuli. This term, implemented by Forti, introduces a flow of rhodopsins which change from inactive into active and enables the empirical adjustment of the repolarizing currents obtained experimentally. When this term is not present, currents quickly fall to their baseline (data not shown). In the NM, adding the term a 2 B to Eq. (11), substantially improves the adjustment of the curves during the recovery of current to baseline (Fig. 3) . Currently, this term does not seem to have an experimentally proven theoretical background. In this work, it was used as an example of curve adjuster (fitter). At present, there are models which accurately describe the chain of events involved in R Ã deactivation and shed light on the current recovery phase (Invergo, Montanucci, Koch, Bertranpetit, & Dell'orco, 2013) . Due to the modular nature of this work, this term can be easily replaced by new mathematical descriptions.
Discussion
In this work, we have succeeded in applying the Beer-Lambert optical law, the quantum efficiency of the 11-cis-retinal and the activated rhodopsin lifespan decay (s R ) to the rhodopsin activation process. This, together with the implementation of a mathematical model of the visual cycle, enables us to describe the dynamics of rhodopsin activation, adding a new processing layer to existing phototransduction models. Unlike FMM and models based on these first equations, this new model allows the simulation of responses to moderate and high brightness stimuli, including those above their saturation range.
The NM was created with a limited set of constants and histological data: radius and length of the rod OS, rhodopsin concentration, quantum efficiency of the 11 cis-retinal and bleaching semisaturation constant. This set of constants, which varies between photoreceptors, facilitates the implementation of the NM in rod photoreceptors of different species, as well as its potential implementation into cones. Tests conducted with high brightness stimuli revealed the difference between FMM and the model presented in this work. The main weakness of the FMM is not defining a finite rhodopsin concentration in the OS, causing a linear response to all brightness values to which it is exposed. On the other hand, the NM rhodopsin levels are limited and decrease according to the previous stimuli. As a result, the OS light absorption ability decreases and, consequently, its response decreases, as well. The FMM used photoisomerizations per second as standard Fig. 3 . Effects of the a2B term on NM recovery of current to baseline. The response of the NM without (solid line) and with (dotted line) the term a2B is compared. The stimuli trains used in A and B correspond to those used in Fig. 2 , graphs I and L, respectively, and detailed in Table 2. input to provide a practical solution for comparing responses between photoreceptors of different sizes (Cobbs et al., 1987) . The FMM was chosen to add the concept of a finite amount of rhodopsin because it has been foundational for most of the subsequent phototransduction models and these models either use some of his equations or compare their results with the FMM or his experimental data. The theoretical approach in the NM is expected to improve the performance on moderate to high bright stimuli. This hypothesis is approached theoretically, in a vast spectrum of latency and intensity stimuli, by the comparison between the two theoretical models (Fig. 1) . In this scenario, the Forti Eq. (1) (that commands the amount of activated Rhodopsin in a linear relationship with the stimulus in isomerizations of rhodopsin per second) and Eq. (2) (proto-bleaching equation) are compared with the NM in Eq. (11) (that introduces the concept of photons absorbed by a molecule that decays its concentration in accordance with the stimulus) and the Eq. (12) (that is an adaptation of van Hateren equation). In this context (Fig. 1) , the NM highlights the importance of a finite amount of activatable rhodopsin and relies on the visual cycle to regenerate the visual pigment.
In the experimental setup used by Forti (Fig. 2) , the regeneration cycle is interrupted because of the absence of retinal pigmented epithelium. Theoretically, if they used larger or brighter stimuli, the currents would decrease and would not be able to regenerate. Instead, they reach a relative plateau (Fig. 2J ). This means that in this particular condition of duration and brightness, they do not test the classic visual cycle with the retinal pigmented epithelium. This comparison between experimental and our theoretical data is focalized on the process of absorption of photons by the activatable Rhodopsin (Eq. (11)) rather than testing the bleaching/regeneration cycle represented in Eq. (12). In fact, when the visual cycle is deactivated (deactivating Eq. (12) in the model), no changes can be observed on Fig. 2 . meaning that the visual cycle and their effect is depreciable in the stimulus conditions used on (1) and (2) and Eq. (11), we can highlight that the NM uses the physiological photons/s as input, introduces the established concept of absortance to phototransduction and improves the fitting to experimental data in moderate light conditions.
Although the bleaching and regeneration cycle has been addressed by various authors, including Hamer, Nicholas, Tranchina, Liebman, and Lamb (2003) and Laitko et al. (1998) , Mahroo et al. (2004) presented for the first time a bleaching analytical model based on Michaelis and Menten dynamics, which was developed from electroretinography studies conducted on humans. This work was taken by van Hateren et al. (2007) to develop a human cone-inspired model focused on modeling the responses under mild and full light luminance and optimized for rapid computational processing. Our team chose this model and adapted to the NM because of its relatively simple equations and its focus on high bright light stimuli. It is important to highlight that TauR, TauB and Kb in Eq. (12) are taken from a human cone at 37 degrees Celsius. Even though these parameters are not optimal for a salamander rod model validated at 22 degrees Celsius, these parameters have no influence on Fig. 2 and do not impact on the main purpose of Fig. 1 . The mechanisms involved in the chain of reaction that inactivate the R Ã and recycle it to an activatable state are part of pigment bleaching and the visual cycle and are not part of the objective of this work. A supplementary figure (Fig. S1 ) shows how the NM behaves with a different set of TauB parameters in Eq. (12) that are close to rod TauB values. Specifically, we used 5 different sets of TauB in seconds 10, 20, 40, 100 and 2400 (40 min). Larger TauB values produce lower activated rhodopsins with the same stimulus. We think that bleaching and regeneration-focused mathematical models need to take into account the finite and dynamic activatable rhodopsin concept. In this sense, this work comes to facilitate its implementation. When the retina is exposed to long light periods (Fig. 2 G-L ) the photoreceptor gets adapted to light. This prolonged exposure reduces the calcium concentration in the OS which desensitizes the early stages in the transduction pathway while upregulating the synthesis of cGMP. This process avoids the saturation of the photoreceptor current, extends the light operating range and allows current modulation to a brighter stimulus (Fain et al., 2001; Invergo et al., 2013) . FMM includes the cGMP regulation by calcium in Eqs.
(5-7) but at that time little was known about rhodopsin kinases involved in the deactivation of R Ã . The NM fits satisfactorily the experimental curves obtained over long exposures to light. However, it lacks the slow recovery of current to baseline phenomenon observed in Figs. 2 and 3 . Although FMM responds accurately to photoreceptor current recovery (Fig. 2H, K) , this is caused by the direct reversibility of rhodopsin deactivation represented by the a 2 B term in Eq. (1) (Fig. 3) . This reversal of rhodopsin activation has no experimental support. However, Mahroo et al. (2004) introduced the hypothesis of a reversibility in the Arrestin-R binding reaction in a mathematical model, and then, Dell'Orco et al. (2009) added to this model a number of additional cascade reactions which could model the slow photocurrent recovery. In fact recent experimental evidence suggests that a different mechanism accounts for rhodopsin deactivation. This mechanism is as a result of successive phosphorylations by the rhodopsin kinase which is regulated by calciumrecoverin (Burns et al., 2010; Doan, Mendez, Detwiler, Chen, & Rieke, 2006; Makino et al., 2004; Nikonov, Engheta, & Pugh, 1998) . Using this new evidence, a detailed and physiological mathematical model, which simulates the slow recovery of current to baseline with high accuracy, has been developed by Invergo et al. (2013) . In the Forti electrophysiological experiments, the light stimuli in the rod OS were applied transversely to the axial axis of the photoreceptor (Baylor, Lamb, & Yau, 1979) . In order to simulate physiological conditions, in the NM the theoretical light stimuli approach was from the cornea towards the OS in an axial manner. This axial illumination does not allow the segmentation and simulation of heterogeneity in the OS as has been described by Mazzolini et al. (2015) .
A remarkable characteristic of this model is that its sensitivity is similar to the real photoreceptors used in the experiments. FMM requires the input stimuli intensity to be manually adjusted in order to fit the response of the experimental curves (Table 2) . In all its aspects, the NM is useful as a flexible model which responds well to all the conditions a photoreceptor is exposed to. An efficient design, given by its modular nature, allows isolated adjustments to be made without affecting other modules. This adds flexibility when other parameters must be adjusted, tested, or adapted to other species.
Cones and rods share the biochemical machinery involved in phototransduction. Their differences are based in quantitative changes related to speed reaction and concentration of elements (Kawamura et al., 2008) . For this reason, this model may be easily adapted to a cone photoreceptor. In this work, we adapted the model to be used on a rod photoreceptor in order to compare it with the foundational experiments and models in this field. However, this model could have a higher impact on cone rather than on rod photoreceptor models, since it is under high brightness conditions where its response stands out. We have developed a mathematical model which describes the physical and chemical phenomena that take place in phototransduction in a realistic and orderly manner. So, the model is useful to readily understand the mechanisms involved in phototransduction, provides a solid structure from which improvements might be made and allows easy implementation in other types of photoreceptors.
